The electric multipole moments are the most fundamental properties of insulating materials. However, the general formulation of bulk multipoles has been a long standing problem. The solution for the electric dipole moment was provided decades ago by King-Smith, Vanderbilt, and Resta. Recently, there have been attempts of generalizing Resta's formula to higher-order multipoles. In this work, we point out several issues in the recent proposals.
I. INTRODUCTION
Insulating phases of matter have gapped bulk but may host topologically protected states on its boundary.
1,2 In the presence of spatial symmetries, 3, 4 topologically protected states on the boundary can have dimensionality smaller than that of the boundary. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] In case of insulating phases with gapped boundary, the electric polarization and higher-order multipoles characterize the properties of these insulating phases. They are related to the electric charge appearing at surfaces, hinges, and corners of the system when the open boundary condition is imposed 10, 11 . If a proper spatial symmetry is assumed, they are quantized to a certain fraction and can be used as topological invariants distinguishing inequivalent phases 10, 11, [23] [24] [25] [26] [27] . Most importantly, the polarization and higher-order multipoles remain valid characterizations of insulators even in the presence of many-body interactions and weak disorders [28] [29] [30] [31] .
There has been a long history of studies on the calculation of multipoles. Under the open boundary condition, the xcomponent of the polarization of an insulator is simply given as the ground state expectation value of the polarization operator [32] [33] [34] :
Here, |Φ 0 is the many-body ground state andn x is the number operator at the position x. Other components of the polarization are defined in the same way.
As is well-known 35, 36 , the position operator suffers from an ambiguity under the periodic boundary condition that identifies x and x + L x . Throughout this work, L i represents the period in i-th direction (i = 1, 2, · · · , d correspond to x, y, · · · ). For band insulators, King-Smith and Vanderbilt formulated the bulk polarization in terms of Berry phase of Bloch wavefunctions 37 . The Berry phase approach was generalized to many-body systems by replacing the single-particle crystal momentum to the twisted angle of the boundary condition 26, 29, 38 .
As an alternative formulation, Resta 28 proposed the following formula of the bulk electric polarization in many-body problems.
According to Ref. 28 , this relation holds in an arbitrary spatial dimension as long as the excitation gap is non-vanishing. Recently, there have been several proposals on how to compute the bulk quadrupole moment. For noninteracting band insulators, the nested-Wilson loop approach formulated in Refs. 10 and 11 aims at providing a way of computing the bulk contribution to the quantized corner charge, under assumptions of the spatial symmetry and the so-called "Wannier gap". We remark here that, although the nested-Wilson loop approach gives a topological invariant, this invariant is generally not a bulk topological invariant-according to Ref. 11 the nested Wilson loop invariant can change its value if the Wannier gap is closed while the bulk band gap and the protecting symmetry are maintained. Yet, the claim of Refs. 10 and 11 is that combining the "bulk" contribution to the edge polarization p edge x,y obtained this way with an independent input on the corner charge Q corner computed under certain open boundary condition, one gets the bulk quadrupole moment via the formula 10, 11 
The theoretical proposals in Refs. 10 and 11 are followed by actual experimental realizations of quadrupole insulators [39] [40] [41] . As a more general method of computing the bulk quadrupole moment of many-body systems under the periodic boundary condition, two independent groups 30, 31 proposed a possible generalization of Resta's formula to higherorder multipoles. According to these works, the off-diagonal component of the 2D quadrupole moment is given bỹ
The arguments supporting Eq. (6) are based on a field theoretical calculation of the bulk response against non-uniform electric field 31 and a "perturbation" theory expanding the effect of the operatorÛ xy in the series of xy/L x L y 30 . (6) and to clarify several issues in the formula (6) for the bulk quadrupole moment. In particular, we discuss that the operatorÛ xy in Eq. (7) is inconsistent with the periodic boundary condition and, as a consequence,q xy in Eq. (6) does not posses expected properties. Specifically, (i) it does not show the proposed quantization even under the rotation symmetry, (ii) it depends on the detailed choice of coordinate, and, most notably, (iii) it takes different values for two states in the same phase that can be adiabatically connected to each other without breaking the symmetry or closing the excitation gap.
II. PRELIMINARIES
Let us begin by reviewing the basics of Resta's formula in Eq. (3). We first remind the reader how to calculate the expectation value with respect to Slater determinate, i.e., Φ 0 |Û |Φ 0 in a system of noninteracting fermions. Let ε ( = 1, 2, . . .) be single-particle energy levels andγ † be the creation operator of the corresponding state satisfying {γ ,γ † } = δ , . When ε < 0 for all = 1, 2, . . . , N occ and ε > 0 for all ≥ N occ + 1, the ground state of the system can be expressed as
IfÛ is a unitary operator that (i) preserves the fermion number and (ii) satisfiesÛ |0 = |0 , the ground-state expectation value ofÛ is precisely the determinant of a N occ -dimensional matrixŨ that represents the matrix element ofÛ among the occupied single-particle levels. [42] [43] [44] Namely,
We will use the above expression in the discussion of examples in later sections. The polarization of band insulators.-Let us now restrict ourselves to a tight-binding model in d dimension. We impose the periodic boundary condition with the period L i in i-th direction. For simplicity we assume a cubic-shape unit cell with the unit lattice constant (a = 1). The volume of the system V ≡ i L i thus agrees with the total number of unit cells. Letĉ † R,s be the creation operator of the fermion in the s-th orbital (s = 1, 2,
reduces the tight-biding Hamiltonian to an N b -dimensional Hermitian matrix H k . In this convention of the Fourier transformation (corresponding to the so-called "cell-periodic
Bloch function" in the literature 24 
Correspondingly, the Bloch function u kα for α-th band, defined by H k u kα = ε kα u kα , satisfies u (k+G)α = v G u kα . In contrast, the creation operator of the Bloch state,
satisfiesγ † (k+G)α = γ † kα . For a band insulator with ν = N occ /V (∈ N) occupied bands, |Φ 0 = k∈BZ ν α=1γ † kα |0 (BZ stands for the first Brillouin zone). We have
Here, e i represents the unit vector along i-th axis and B k is a ν-dimensional matrix representing the discretized Berry connection
Approximating the sum over k in Eq. (13) by an integral, we get
where
The first term in the parenthesis in Eq. (15) represents the trivial atomic contribution that is due to fact that we include only contribution of electrons, and exclude ions, thus the system is not neutral. This contribution is non-negligible when L x is even and V /L x is odd; This property is usually not discussed in the literature, 28 since not the polarization p itself but rather the differences in the polarization ∆p have physical meaning, and ∆p
The second term in the parenthesis in Eq. (15) is the celebrated Berry phase formula describing the sum of the Wannier centers over all occupied bands 37 . A subtlety in the perturbative expansion in powers of L −1
x .-In the verification of Eq. (3) for interacting systems, Resta 28 used the "first-order perturbation theory"
whereĴ x is the sum of the x-component of the current operators over the entire space. If this were a controlled expansion in the series of L −1
x ). However, this is actually not the case because of the volume sum hidden inĴ x .
This can be readily seen from Eq. (13) in the case of band insulators. By expanding B k in Eq, (14) to the next order, we get
The quantity G ij = O(1) is called the quantum metric and is associated with the localization length of the band insulator 38, 45, 46 . Thus the first-order perturbation theory does not seem to hold in general, especially in dimensions higher than 1. Quite remarkably, despite the lack of a general proof of Eq. (3) for interacting systems in multi-dimensions, to best of our knowledge there is no known counterexample to Eq. (3). Unfortunately, as we discuss below, the circumstances are not so favorable for validity of the proposed expression (7), where a similar perturbative expansion argument was used. 30 Example: Su-Schrieffer-Heeger chain.-Before going to the discussion of quadrupole moments, as a warm up, let us review how Eq. (3) works for the bulk polarization using the one-dimensional Su-Schrieffer-Heeger (SSH) model 47 . The model has two orbitals s = a, b both at the origin of each unit cell (N b = 2 and r s = 0 for s = a, b). The Hamiltonian in the Fourier space reads
This model has the inversion symmetry U I H kx = H −kx U I with U I = 0 1 1 0 , which quantizes the polarization to be either 0 or 1/2 (mod 1). We consider a band insulator with one occupied band (ν = 1). When t intra < 0 and t inter = 0, the Bloch function can be chosen k x independent. Thus we get p
. When t intra = 0 and t inter < 0, the Bloch function with the energy ε kx,1 = t inter reads u kx,1 = (1,
= L x /2 (mod 1). Thanks to the inversion symmetry, these results are unchanged even when both t intra and t inter are nonzero unless the band gap closes.
For a later purpose let us derive the same results entirely in the real space. We write the position of the n-th unit cell as R = x n with
The periodic boundary condition demands c †
for m ∈ Z. The single-particle levels have a simple real-space description (i.e., the Wannier orbital) as illustrated by orange bonds in Fig. 1 (a) and (c). When either t inter or t intra vanishes, Wannier orbitals of the occupied band are not only orthogonal but do not overlap with each other. Consequently, the matrix elements ofÛ x are nonzero only for the diagonal elements. This property significantly simplifies the calculation. When t intra < 0 and t inter = 0, we have
and
Therefore, p
. This result is identical to the atomic limit, shown in Fig. 1 (b) , where an orbital is strictly localized at R = x 1 , x 2 , · · · , x Lx 48 . Similarly, when t intra = 0 and t inter < 0, we have
Note that the a-orbital at R = x Lx is paired with the b-orbital at R = x 1 across the boundary, and the operatorÛ x rotates their phase by e 
Therefore, we can write (27) for all R , R = x 1 , x 2 , · · · , x Lx and
The U(1) phase of Eq. (28) (Resta) x again agrees with the atomic limit in Fig. 1 (d) , where an orbital is sitting at x = R + 1 2 for R = x 1 , x 2 , · · · , x Lx . The atomic limit can be thought as the limit of smoothly shrinking the orange bonds in (c) to their mid point as illustrated in Fig. 1 (d) . Such a deformation can be done without closing the bulk gap or breaking the inversion symmetry.
This exercise confirms that ∆p
x denotes reference polarization correponding to p (Resta) x of the system shown in Fig. 1b ]. In Fig. 1 , we show the filling ν and the value of p x we expect for each case of (a)-(d).
III. BULK QUADRUPOLE MOMENT
In this section, we clarify the problems of the proposed formula (6) for the bulk quadrupole moment. In general, one would require the following properties for a good bulk topological invariant (i): It is quantized;
(ii): Its value is independent of the choice of coordinate; (iii): It takes the same value for the systems in the same bulk phase.
One can additionally require, in order for the proposed formula (6) to be computationally useful, that | Φ 0 |Û xy |Φ 0 | is finite in two-dimensional thermodynamic limit. ∆p (Resta) x in Eq. (3) satisfies all these requirements as we have seen in Sec. II. Below we find that ∆q xy in Eq. (6) lacks these properties.
Violation of the periodicity by U xy .-Let us consider a single-particle state under the periodic boundary condition,
The boundary condition is manifested in the periodicity of the wavefunction
For example, in the case of the Bloch stateγ † k,n |0 in Eq. (11), the wavefunction is the plane wave ψ R,s = V −1/2 (u k,n ) s e ik·(R+rs) , which clearly fulfills Eq. (30).
The operatorÛ x in Eq. (4) preserves this periodicity. The wavefunction of the statê
Lx ex·(R+rs) ψ R,s , whose periodicity is indeed identical to that of ψ R,s . This fact is reflected in the matrix element ofÛ x in Eq. (12) 
This simple discussion already poses a serious question on the physical meaning ofq xy in Eq. (6) . We discuss the immediate consequence of the lack of periodicity using examples in the following.
A. Tight-binding examples of quadrupole insulators
Here we examine three different tight-binding models, all of which can be understood as a two-dimensional generalization of the SSH chain discussed in Sec. II. All three models have four orbitals s = a, b, c, d in each unit cell and they are located at the origin of the unit cell (N b = 4 and r s = 0 for s = a, b, c, d). For simplicity, we assume the four-fold rotation symmetry, and the four orbitals interchange under the action of the rotation: 
when all the edges are neutral.
To be consistent with the rotation symmetry, we set L x = L y = L ∈ Z. We write the position of unit cells as R = (x n , y m ), where Table I .
For simplicity, below we set y 1 = x 1 and consider two familiar choices of x 1 :
where the dependence of x 1 is discussed using a tight-binding model).
2D example 1
Our first 2D example is the model introduced in Ref. 49 denoted by h (4) 1b in that work. We set t x = t y = t intra and denote the inter-cell hopping by t inter in Eq. (S85) of Ref. 49 .
As illustrated in Fig. 2 , the tight-binding Hamiltonian in the When t intra < 0 and t inter = 0 [ Fig. 2 (a) ], the four eigenvalues of H kx,ky are 0 (doubly degenerate) and ±2t intra . The Bloch function of the lowest band (ε k,1 = 2t intra ) is u k,1 = (1, 1, 1, 1) T /2. In the Wannier basis, the ground state that completely occupies the lowest band (ν = 1) can be written as |Φ 0 = Rγ † R |0 , wherê
The matrix elements ofÛ xy among these single-particle states read
Therefore,q 
Here and hereafter, the superscript ofq xy corresponds to the panel (a)-(d) in Fig. 2 . The atomic limit shown in Fig. 2 (b) has the same value ofq xy . We summarize these results in the first two rows of Table I . We remind the reader that only differences ∆p Resta and ∆q xy with respect to some reference system have physical meaning [one natural choice of the reference system is case (b)]. Accordingly, we can observe that ∆p Resta does not dependent on the even/odd-ness of L and on the choice of x 1 , whereas ∆q xy has such dependence which disqualifies it from being a physical quantity.
When t intra = 0 and t inter < 0 [ Fig. 2 (c) ], the four eigenvalues of H kx,ky are 0 (doubly degenerate) and ±2t inter . 
(
The Bloch function of the lowest band (ε k,1 = 2t inter ) is u k,1 = (1, e −ikx , e −i(kx+ky) , e −iky ) T /2. Instead of Eq. (38), we havê
The expression for the matrix elements ofÛ xy depend on the position of plaquettes, i.e., whether they are in the bulk or across the boundary. The diagonal elements ofŨ xy read
All the off-diagonal elements vanish. Using these expressions, we can analytically computeq
xy . We list the value in the limit of large L in the third row of Table I .
This result should be compared to the atomic limit illustrated in Fig. 2 (d) . We found
which we list in the fourth row of Table I . We see thatq 
as a function of R in Fig. 2 (e)-(f) . The figures show that the discrepancy originates purely from the boundary 50 . In fact, the sum of ∆ R over the boundary (i.e. R x = x L or R y = y L ) precisely accounts for the differenceq Table I ]; (ii) the value ∆q xy = q xy −q (b) xy depends on the two choices of x 1 and the parity of L; and (iii) it takes different values for two states (c) and (d) in the same phase. The fact that (c) and (d) belong to the same phase can be shown by the symmetric and adiabatic deformation of (c) into (d) as illustrated in Fig. 2 (d) .
2D example 2
Our second example is the model introduced in Refs. 10 and 11 denoted by h q there. We write γ = t intra and λ = t inter in Eq. (6) To make the C 4 symmetry obvious, here we chose a gauge different from Refs. 10 and 11, but all physical results must be unchanged as the two choices are simply related by a gauge transformation. Both in the trivial phase and in the nontrivial phase, there is a band gap between the lower two bands and upper two bands. We consider the ground state that fully occupies the lower two bands (ν = 2). This model has been numerically investigated to demonstrate the validity of Eq. (6) in Refs. 30 and 31. According to Fig. 2 (b) of Ref. 30 ,q xy = 0 in the trivial phase (θ = π) and q xy = 1/2 in the nontrivial phase (θ = 0) when L = 40. Similarly, Fig. 2 (a) of Refs. 31 implies thatq xy = 0 (θ = 3π/2) in the trivial phase andq xy = 1/2 in the nontrivial phase (θ = π/2) when L = 17.
We analyzed this model in exactly the same way as in the previous section and summarized our analytic results in Table II. The difference between Table I and II for the atomic limit (b) and (d) is simply the factor of 2 reflecting the fact that the filling is doubled in this model.
Our results are the same as Ref. 31 while the values for the trivial and nontrivial phase are interchanged as compared to those in Ref. 30 . Thus, it appears that our results are almost consistent with these previous studies. However, we point out that there is still a large contribution from the plaquettes near Fig. 3 .
boundary as shown in Fig. 3 (e) -(f). For this particular model, the boundary contributions happen to add up to an integer and do not affectq xy . 
, 0)
2D example 3
Our last example is the orthogonal stacking of SSH chains (Fig. 4) considered in Ref. 49 and denoted by h (4) 2c there. We set t x = t y = t intra and denote the inter-cell hopping by t inter in 
We summarize our results of (p
,q xy ) for this model in Table III . Although we do not expect any quadrupole moment in this model, we foundq xy = 1/2 mod 1 not only for (a) and (b) but also for (c) when x 1 = 1 and L is even.
Stacked insulator with vanishing polarization
Some of band insulators considered above possess a nonzero bulk polarization. We can fix this by a proper stacking above models. For example, let us consider the tensor product of two insulators: the one in Fig. 2 (c) and the other in Fig. 4 (c) . For this tensor-product state the expected value of (ν, p x , p y , q xy ) is (1, The analytic value of (p
,q xy ) of this tensor product state can be readily found by summing up the (p Tables I and III . This is because, according to Eqs. (8) and (9), the tensor product of two decoupled band insulators (labeled by I = 1, 2) has U = I=1,2Ũ I and Φ 0 |Û |Φ 0 = I detŨ I . We show the values in the large L limit in the first row of Table IV . We then compare this with the atomic limit, in which we replace the state in Fig. 2 (c) with the one in Fig. 2 (d) . As shown in Table IV , the problems ofq xy still persist.
IV. DIFFICULTIES OF IMPROVING EXPRESSION FOR BULK QUADRUPOLE MOMENT
In this section we discuss attempts in fixing the issues with Eq. (7) mentioned in the previous section, and discuss the difficulties one encounters with this task.
Let us ask if one can fix the issue inq xy easily. Here we explore the Resta-type expression of the following form
As a necessary condition, we require that e 2πiθx is a smooth periodic function. However, this is not sufficient to be fully consistent with the periodic boundary condition. The identification of x and
These constraints are realized only when θ x+Liei − θ x is an integer m i,x . As we assume the smoothness of θ x , m i,x ∈ Z cannot depend on x. Therefore, θ x must have the following form
where ϑ x is a periodic function of x. Furthermore, we assume that the discrete Fourier transform a nm of e 2πiθx ,
where B, C are positive constants independent of L x and L y . Using Eq. (9) we find
The assumption (54) guarantees that in the thermodynamic limit V → ∞, we can substitute
Imposing requirement (iii) of Sec. III toq , under stable equivalence, we can consider a continuous deformation that transforms a two-dimensional Hamiltonian H k into decoupled layers H k = ⊕ H k,i , where each layer H k,i has a single occupied band. 52 Since contribution of each layer adds up inq , from Eq. (57) we conclude thatq which satisfies property (iii) can only depend on tr A k and tr g kij . Next since A k is gauge-dependent quantity,q cannot depend on functional dependence form of A k , but only on its integral over BZ, i.e., p (KSV) that is defined mod 1. To see this explicitly, consider a case where Berry curvature, given by Im g kij , vanishes so that A k can be chosen to be constant. Neglecting the contribution from Re[(g k ) αβ ], the matrix (55) can be diagonalized by Fourier transform and we obtain
Using assumption (52) it is easy to check that the above expectation value is unchanged by p
+ m i with m i ∈ Z. Next, we consider a continuous deformation that changes the functional dependence of tr g kij to a certain predefined function of k, for example by deforming the Hamiltonian to a Dirac-like form. 21 Accordingly,q cannot depend on tr g kij but only on its integral over BZ. We arrive at the important conclusion: If the quantityq defined by (50), satisfying (54), is a good topological invariant, then in thermodynamic limitq can only depend on p (KSV) , Chern number and/or quantum metric G ij .
When discussing quadrupole moment, one is interested in systems with gapped boundary, which implies vanishing Chern number. Additionally, to have quadrupole moment independent of the choice of origin, one needs to have vanishing polarization p (KSV) . Therefore, we only need to check if G ij can produce a useful topological invariant distinguishing phases with distinct quadrupole moments. In fact, recent studies 53, 54 found that the quantum metric appears in the semiclassical treatment of the response of Bloch electron towards an electric-field gradient. To proceed, let us assume that the system has a point group symmetry p ∈ O(d), which induces the following transformation to the Bloch functions
Here, U (p) ∈ U(N b ) is the representation matrix satisfying 
Namely, the quantum metric is an invariant tensor under p. It follows that G ij is always proportional to the identity δ ij and thus G xy vanishes in the presence of n = 3, 4, or 6-fold rotation symmetry. We conclude this section by noting that one possibility to fix the issue with periodicity of xy/L 2 in Eq (6) is to introduce a cut-off function C x ∈ [0, 1] that is 1 (constant) when x is far away from the boundary [i.e., x 1 x x L and y 1 y y L ] and smoothly approaches to 0 when x is near the boundary with an intermediate length scale (1 L).
The above considerations readily imply that such "fix" does not produce a useful topological invariant.
V. SUMMARY
We have analyzed the definition of the bulk quadrupole moment independently proposed by two groups. 30, 31 Our results are in agreement for the models considered by these two groups. In contrast to Resta's formulation of the bulk polarization, where no example of violation is know despite the lack of general proof, we find, by considering a larger set of models, that the proposed definition of the bulk quadrupole moment fails even for non-interacting examples previously studied in the literature. 10, 11, 49 Our analysis reveals that the issues with the proposed definition are related to violation of periodicity, where the boundary contribution completely dominates over the bulk one. Possible strategies to fix these issues seem all to fall short: repairing the periodicity by introducing a boundary on a patch within the bulk fixes the periodicity but transfers the issue to the position of a newly introduced boundary. In fact, we show that for a class of functions with well behaved Fourier transform, Resta's type formulation cannot produce a useful topological invariant.
The obstacles in obtaining a generalization of Resta's formulation of bulk polarization to higher multiples is perhaps best illustrated by our findings that even a simpler task, namely, finding a formulation for single-particle systems seem to fail. Although we cannot provide a general proof that such single-particle formulation of bulk quadrupole moment does not exist, we give a strong indication that this task may be a difficult one.
A proper definition of higher multiples in crystals and formulas that allow practical calculations are topics of broad interest, not only limited to computational and theoretical solid state physics. Despite the fact that our findings support in some sense a 'no-go' statement, we hope that this work will serve as the first step toward the future resolution to defining bulk multiple moments. 
